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DISCRIMINANT FORMULAS AND APPLICATIONS 


K. CHAN, A.A. YOUNG, AND J.J. ZHANG 


Abstract. We solve two conjectures of Ceken-Palmieri-Wang-Zhang concern¬ 
ing discriminants and give some applications. 


Introduction 

In algebraic number theory, the discriminant takes on a familiar form: given a 
Galois extension L of the field Q and write = Z[a] = Z[a:]/(/) where / is the 
minimal polynomial (or the characteristic polynomial) of a, then we have 

^L/q = “ g ) 

where ri,... ,r„ are the roots of /. In noncommutative algebra, the discriminant 
has long been used to study orders and lattices in a central simple algebra |Re) . 
Recently, it has been shown that the discriminant plays a remarkable role in solving 
some classical and notoriously difficult questions: 

(1) Automorphism problem, determining the full automorphism groups of 
noncommutative Artin-Schelter regular algebras [CPWZll ICPWZ^ . 

(2) Zariski cancellation problem, concerning the cancellative property of 
noncommutative algebras such as skew polynomial rings [BZj . 

(3) Isomorphism problem, finding a criterion for when two algebras are iso¬ 
morphic, within certain classes of noncommutative algebras [CPWZ3] . 

Despite the usefulness of the discriminant in algebraic number theory, algebraic ge¬ 
ometry and noncommutative algebra, it is extremely hard to compute, especially in 
high dimensional and high rank cases. In [CPWZlllCPWZ^ . the authors made two 
conjectures on discriminant formulas for some classes of noncommutative algebras. 
Our main aim is to prove these two conjectures. 

Let fc be a base commutative domain and be the set of invertible elements 
in k. The discriminant of a noncommutative algebra A over a central subalgebra 
Z C A, denoted by d{AlZ), will be reviewed in Section [TJ Let q G he an 
invertible element in k and let Aq be the ^-quantum Weyl algebra generated by x 
and y subject to the relation yx = qxy + I. Our first result is 

Theorem 0.1. Let q be a primitive n-th root of unity for some n > 2. Then the 
discriminant of Aq over its center Z{Aq) is 

d{AqlZ{Aq)) = c {nmf((\ - q^x^y^ - 
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where c is some element in and m = nr2'(i+ q + ■ ■ ■ + ^). By convention, 

m = 1 when n = 2. 


Theorem 10.11 answers [CPWZ21 Conjecture 5.3] affirmatively. 

For n > 2, let Wn be the A:-algebra generated by xi,...,Xn subject to the 
relations XiXj + XjXi = 1 for all i ^ j |CPWZ1[ Introduction]. This algebra is 
called a {—l)-quantum Weyl algebra |CPWZ3l Introduction]. Let 


M ■= 


(2x1 

1 


1 

2x1 




Vl 1 ••• 2x1) 


Let Z denote the central subalgebra k[x\, - ■ ■ ,x^ C Wn- Our second result is 


Theorem 0.2. Suppose 2 is invertible in k. Then the discriminant ofWn over the 
subalgebra Z is 

d{WnlZ) = c (detM)2””' 
where c is an element in k^. 


Theorem 10.21 answers [CPWZll Question 4.12(2)] affirmatively. 

These results suggest that the discriminant has elegant expressions in some situ¬ 
ations. Because of its usefulness, more discriminant formulas should be established, 
see Example 16.41 

This paper contains other related results which we now describe. Let T be 
a commutative algebra over k and let q := {g^- G | 1 < * < j < n} and 
A := {oij GT\l<i<j<n} he sets of elements in T. The skew polynomial ring 
Tq[a;i, • • • , Xn] is a T-algebra generated by xi, • • • ,Xn subject to the relations 

(EO.2.1) XjXi = qijXiXj, \/l<i<j<n. 


A generalized quantum Weyl algebra associated to (q, A) is a T-central filtered 
algebra of the form 


(EO.2.2) 


K(q,A) 


_ T{xi, ...,Xn) _ 

{xjXi - qijX^Xj - Oij \ i < j) 


such that the associated graded ring gr 14, (q, A) is naturally isomorphic to the skew 
polynomial ring Tq[a;i, • • • , Xn]- Another way of constructing V4(q, A) is to use an 
iterated Ore extension starting with T. To calculate the discriminant of 14 (q, A) 
over its center, one needs to determine the center of 14(q, A). The discriminant is 
defined whenever 14 (q, A) is a finite module over a central subring Z |CPWZ2) . 
and it is most useful when 14(q, A) is a free module over Z [CPWZlj . Since 
grt4(q,A) ~ Tq[xi,--- ,Xn\ we have that grI4(q,A) is a finite module over its 
center if and only if each qtj is a root of unity. Using this, we can show that the 
algebra 14 (q, A) is a finite module over its center if and only if the parameters qij 
are all non-trivial roots of unity. Also, when the center of 14(q, A) is a polynomial 
ring, 14(q, A) is a finitely generated free module over its center. The following 
useful result concerns the centers of 14(q,A) and Tq[a;i,'-- ,Xn]- 

To state it, we need some notation. When is a root of unity, there are two 
integers kij and dij such that 


qij — exp(27r'v/ 1 
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where dij := o{qij) < oo, \kij\ < dij and (kij,dij) = 1. Further, we can choose that 
kij = —kji since q^i = q~^. Let Li be the lcm{c?ij \ j = 1,... ,n}. Let Y be the 
n X n-matrix {kijLi/dij)nxn- For each prime p, define Yp = y 0 Fp. Let m be any 
natural number. Let Ip^m be the set containing i such that Li G — p'^+^Z. 
Finally let Yp^m be the submatrix of Yp taken from the row and columns with 
indices i G Ip,m- 

Theorem 0.3. Suppose qij is a root of unity and not 1 for all i < j. 

(1) The center of Tq[a;i, • • • , x„] is a polynomial ring if and only if it is of the 

form if and only if det{Yp^rn) ^ 0 in Fp for all primes p 

and all integers m > 0 such that Ip^m ^ 0- 

(2) If the center of Tq[xi, ■ ■ ■ ,Xn\ is the subalgebra then the 

center of Vn{(l, A) is the subalgebra T[xi^ ,■■ ■ ,x^^] andVn{(l,A) is finitely 
generated and free over T[xi ,■■■ , ■ 

The above criterion can be simplified when n = 3 or 4 [Corollaries 15.41 and 15.5| . 
The point of Theorem 10.31 is that it provides an explicit linear algebra criterion 
for when the center of Tq[a;i,--- ,Xn] is isomorphic to a polynomial ring. One 
interesting question after this is the following. 

Question 0.4. Suppose that A := 14,(q,.4) is finitely generated and free over its 
center Z. What is the discriminant d{AfZ)l 

Theorems 10.11 and 10.21 answer this question for two special cases. 

A secondary goal of this paper is to provide some quick applications. These 
discriminant formulas have potential applications in algebraic geometry, number 
theory and the study of Clifford algebras. In Section [8] (the final section), we give 
some immediate applications of discriminants to the cancellation problem and the 
automorphism problem for several classes of noncommutative algebras. 

Let us briefly review some definitions. An algebra A is called cancellative if A\t] = 
B[t] for some algebra B implies A = B. Let Aut(A) be the group of all algebra 
automorphisms of A. Let A be connected graded. An algebra automorphism g of 
A is called unipotent if 

g(v) = V + (higher degree terms) 

for all homogeneous elements v G A. Let Aut„„i(A) denote the subgroup of Aut(A) 
consisting of all unipotent automorphisms |CPWZ2l After Theorem 3.1]. When 
Aut„n,i(A) is trivial, Aut(A) is usually small and easy to handle. We will give a 
criterion on when Aut„„i(A) is trivial. 

Let A be a domain and A be a subset of A. Let Sw{F) be the set of g G A such 
that / = agb for some a,b ^ A and 0 f G F. Let Di{F) be the fc-subalgebra of A 
generated by Sw{F). For n > 2, we define Dn{F) = Di{Dn-i{F)) inductively, and 
define D{F) = D„(F). This algebra is called the the F-divisor subalgebra of 

A. When F = {d{A/Z)}^ D{F) is called discriminant-divisor subalgebra of A and 
is denoted by D(A). The main result in Section |5| is the following. 

Theorem 0.5. Suppose k is a field of characteristic zero. Let A be a connected 
graded domain of finite G elf and-Kirillov dimension. Assume that A is finitely 
generated and free over its center. If D(A) = A, then A is cancellative and 

Awtuni {A) = {1}. 
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The above theorem can be applied to some Artin-Schelter regular algebras of 
global dimension four in Examples 16.31 and 18.41 Further applications are certainly 
expected. 

This paper is organized as follows. Background material about discriminants is 
provided in Section [1] We prove Theorem 10.11 in Section [2] and Theorem 10.21 in 
Section [3l Sections |4]l6] concern the question of when Tc^[xi, - ■ ■ ,Xn] and Ki(q, A) 
are finitely generated and free over their centers and contain the proof of Theorem 
10.31 In Section[3 we review and introduce some invariants related to discriminants, 
locally nilpotent derivations, and automorphisms, which will be used in Section [S] 
In Section |8l some applications are provided and Theorem 10.51 is proven. 

1. Preliminaries 

In this section we recall some definitions and basic properties of the discriminant. 
A basic reference is [CPWZll Section 1]. 

Throughout let fc be a base commutative domain and everything is over k. Let A 
be an algebra and Z be a central subalgebra of A such that A is finitely generated 
and free over Z. A modified version of the discriminant was introduced in [CPWZ2] 
when A is not free over Z; however, in this paper, we only consider the case when 
A is finitely generated and free over Z. Let r be the rank of A over Z. 

We embed A in the endomorphism ring End(Az) by sending a G A to the left 
multiplication la '■ A ^ A. Since A is a free over Z of rank r, End(Az) = Mrxr{Z). 
Define the trace function 

(El.0.1) tr : A ^ End(Az) ^ Mrxr{Z) ^ Z 

where is the usual matrix trace. The trace function tr is independent of the 
choice of basis of A over Z. 

Definition 1.1. [CPWZll Definition 1.3(3)] Retain the above notation. Suppose 
that A is a free module over a central subalgebra Z with a Z-basis {zi, • • • , Zr}. 
The discriminant of A over Z is defined to be 

d{AjZ) = det{tT(ZiZj))rxr G Z. 

By [CPWZll Proposition 1.4(2)], d{A/Z) is unique up to a scalar in Z^. For 
x,y G Z, we use the notation x =zx y to indicate that x = cy for some c G Z^. 
So d{A/Z) =zx det(tT{ziZj))rxr as in [CPWZll Definition 1.3(3)]. The following 
lemma is easy. 

Lemma 1.2. Retain the notation as in DeRnition \l.l[ Let (A', Z') be another pair 
of algebras such that Z' is a central subalgebra of A' and A' is a free Z'-module of 
rank r. Let q : A ^ A' be an algebra homomorphism such that 

(i) 9{Z) C Z’. 

(ii) {g{zi),--- ,g{zr)'\ is a Z'-basis of A'. 

Then g{d{AfZ)) =(z,)x d{A!jZ'). 

Proof. For any a G A, we denote a' = g(a). Write azi = 

applying g to the last equation, we have a'z[ = By definition (|E1.0.1|) . 

tr(a) = and 

tr( 5 (a)) = tr(a') = ^ ab = g(^ au) = g{tria)) 
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for all a G A. By Definition 11.11 and the above equation, 

g{d{A/Z)) = g{det{tT{ziZj))rxr) = det(tr(2:'z'))rxr =(Z')x d{AljZ'). 

□ 

Let Z be a central subalgebra of A and consider an Ore set C C Z. Then the 
localization ZC~^ is central in AC~^. 

Lemma 1.3. Let Z be a central subalgebra of A. Suppose A is free over Z of rank 
r. Then AC~^ is free over ZC~^ of rank r. As a consequence, 

d{AC-^lZC-^) =(zc-i)x d{A/Z). 

Proof. Let {zi, ■ ■ ■ , Zr} is a Z-basis of A. Then it is also a ZC^^-basis of AC~^. 
The consequence follows from Lemma 1.2. □ 

We will need the following result from |CPWZ2l Proposition 2.8]. We change 
notation from fc to T to denote a commutative domain in the following proposition. 

Proposition 1.4. Let T be a commutative domain and let A = ,Xn\. 

Suppose Z := • • • jCc"”] is a central subalgebra of A, where the ai are positive 

integers. 

(1) [CPWZ21 Proposition 2.8] Let r = Y\a= ^ai. Then 

n 

d{A/Z) =^x 

(2) If n — 2 and qi 2 is a primitive m-th root of unity and Z = then 

d{A/Z) =TX 

(3) If Qij = — 1 for all i < j and ai = 2 for all i, then 

n 

d{A/Z) =rx 2^^W{x}f^-\ 

i=l 

Proof. Parts (2,3) are special cases of part (1). □ 

The next lemma is a special case |CPWZ2l Proposition 4.10]. Suppose Z is a 
central subalgebra of A and A is free over Z of rank r < oo. We fix a Z-basis of 
A, say b := {bi = 1, 62 , • • ■ , K}- Suppose A is an N-filtered algebra such that the 
associated graded ring grA is a domain. For any element f € A, let gr/ denote 
the associated element in gr A. Let gr b denote the set {gr &i, • • • , gr br}, which is a 
subset of gr x4. 

Lemma 1.5. |CPWZ2l Proposition 4.10] Retain the above notation. Suppose that 
gr A is finitely generated and free over grZ with basis grb. Then 


gr {d{A/Z)) =(grz)x d{giA/gTZ). 
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2. Discriminant of Aq over its center 

Let r be a commutative domain and q G be a primitive n-th root of unity for 
some n > 2. Let Aq be the ^-quantum Weyl algebra over T generated by x and y 
subject to the relation yx = qxy + a for some a G T. This agrees with the definition 
of Aq given in the introduction when T = k and a = 1. It is easy to check that 
the center of Aq, denoted by Z{Aq), is and that Aq is free over Z{Aq) of 

rank n^. A Z{Aq)-hasis of Aq is B := {x'^y^ \ 0 < i,j < n — 1}. The aim of this 
section is to compute the discriminant d{Aq/Z{Aq)). 

Let A' be the T-subalgebra of Aq generated by x' := (1 — q)x and y. Since 
yx' = qx'y + (1 — q)a and (1 — q) may not be invertible, there is no obvious algebra 
homomorphism from Aq to A'. Let Z' be the subalgebra T[(a;')", y"] which is the 
center of A'. 

Lemma 2.1. Retain the above notation. Then 
d{A'/Z') = 

Proof. Let tr' : A' ^ Z' be the trace function defined as in (jEl.O.ip . We use this 
trace function to compute the discriminant d{A'/Z'). 

Let B' := {{x'yy^}o<ij<n-i. Then B' is a ,Z'-basis of A'. Note that A' and 
Aq have the same ring of fractions and Z{Aq) and Z' have the same fraction field. 
Since the trace function is independent of the choice of basis we have tr'(o) = tr(o) 
for all a G A'. 

Picking any two elements hg = x''‘y^‘ and bt = x'^y^* in B, we have corresponding 
elements b'g = [x'Y^yA and b'^ = {x'Y^y^* in B. Hence 

tr'ib'gb'^) = tr((l - qy‘+''bgbt) = (1 - tr(6,6t)- 

By definition, d{A'fZ') = det[tr'(6g6()(,/^_h'gB/]. Hence we have 
d{A'/Z')=det[{tT'{b'gb',)),,^,,^B'] 

= det[((l - g)*'’+** ti:{bsbt))b,M&i3] 

= (1 - q)^ det[{ti{bsbt))b,,bt(^B] 

= {l-qfdiAq/Z{Aq)), 

where 

N = ^ {is +it) =2 ^ is = 2n(0 + 1 + 2 + • • • + (n — 1)) = n^{n — 1). 

all is ,it all is 

The assertion follows. □ 

Following the above lemma, we first compute d{A' fZ'). We can re-write A! as 
T{x', y)/{yx'—qx'y—{l — q)a) so that the positions of x' and y are more symmetrical. 

Let C = {(?/”)* I * > 1}. Consider the localizations Z" := Z'C~^ and A" := 
A'C-L Let 

x" := x' - ay-^ = (1 - q)x - e A". 

Lemma 2.2. Retain the above notation. The following hold: 

(1) yx" - qx"y = 0. 

(2) A" := A'C~^ is generated by T, {y")~^, x" and y. 

(3) (a;")" is central and d{A"fZ") =(^z")x • 

(4) d{A"IZ") =(^z")x 
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Proof. (1) We have yx" — qx"y = y{{l — q)x — ay~^) — q((l — q)x — ay~^)y = 0. 

(2) This is clear. 

(3) Since g" = 1, (a;")" commutes with y by part (1). By part (2), (t")" 
commutes with every element in A". 

Consider an algebra homomorphism g : Tq[xi,X 2 \ —>■ A" determined by g{xi) = 
x" and g{x 2 ) = y. Then the center of B := Tq[xi,X 2 ] is R := r[a;",a; 2 ] and 
{x\x 2 I 0 < i, j < n — 1} is an i?-basis oi B. It is clear that A" is free of rank 
and A!' = J2o<i j<n-ii^'yy^■ Hence {{x"yy^ | 0 < j < n — 1} is a Z"-basis of 
A". Then the hypotheses of Lemma [TT^ hold. Applying Lemma 11.21 to g, we have 
g{d{B/R)) =( 2 /)x d{A!'/Z"). By Proposition [Ili;2), d(B/i?) = 

Therefore, d{A!'fZ") =^z')^ 

(4) In the following, we will denote if = y~^, z = x" and p = q~^. The 
commutation relation between x' and if is 

(E2.2.1) ifx' = (1 — q)ifx = (1 — q){pxif — paif^) = px'if — {p — Vjaif^. 

Recall that z = x" = x' — aif. Write z" = Y^i^o Ci{x'Yif'^~'^. Since z" is central 
(see part (3)), we have Ci = 0 unless i = 0,n. It is clear that c„ = 1. Next we 
determine cq. Since A" is a free module over Z" with basis {{x'Yif^ | 0 < *, j < 
n — 1}, we can work modulo the right .^''-submodule W generated by {x'Yif^ where 
0 < i < n and 0 < j < n. Let = denote equivalence mod W. 

By induction, for z = l,...,n—1, we have 

(E2.2.2) if^x' = p^x'if^ - (p* - l)(ai/>*+^). 

Then if^x' = —(p* — l)(a'0®+^). For each 1 < j < n — 1, write 

i=0 

Then x'z^ G W for all j < n — 1 and x'z'^~^ = (x')". For each j, we have 
ifj-izn-j _ for some d^ G Z', so 

(E2.2.3) e W 

for all j > 2. By the above computation and (IE2.2.1I) - (IE2.2.3I) . we have 
- (x'Y = (x' - aif)z^-^ - (x'r 

= x'z"-i - (x'r - aifz^-^ 

= —aif(x' — aif)z"~^ 

= —a{px'Y — (p — l)a^^ — a^^)z"“^ 

= -a{-pa)if‘^z^-‘^ - apx'ifz"-^ 

= -a{-pa)if‘^ z'^~^ 

= -a{-pa){if'^x - aif^)z"~^ 

= -a(-pa)(-p^a)i/>3z”-3 


= -a{-pa){-p^a) ■ ■ ■ {-p^-^a)Y^ 
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Therefore 

z" = + (x'r. 

Hence cq = —a" and z" = (a;')” — Combining all the above, we have 

= ((a;')" - = (a;')"?/" - o’" = (1 - g)"a;"y" - a". 

Part (4) follows from part (3) and the above formula. □ 

Lemma 2.3. The discriminant of A' over its center Z' is 
d{A'/Z') =TX n2"'((l - g)’"a;’"y" - 

Proof. Let g be the embedding of A! into A!' = A'C~^, viewed as an inclusion. 
By Lemma [TT 2 I g sends d{A' jZ') to d{A"jZ"). Combining with Lemma [2^ 41. we 
have 

d{J^IZ') =(^„)x g{d{A'/Z[j^))) =(^„)x d{A"/Z") 

=(z")x ^^”'((1 - 9)"a:"y" - 

Let 4) be the element d{A'/Z'){n^'^ ((1 — g)"a:"j/" — 0 ")’"^"“^^}“^, which can be 
viewed as an element in the quotient ring of A'. By the above equation, 4> is in 
{Z")^. Since Z" = T[(a;')’", 4> is of the form ay'”" for some a G and 

some s. By symmetry, 4> is also of the form for some Y G and some 

t. Hence s = t = 0, a = /3s and $ = a G . Therefore d{A'jZ') = 
an^'^ ((1 — q)^x'^y^ — and the assertion follows. □ 


Now let 

n — 1 

(E2.3.1) m:=Y[{l + q + ---+q^-^). 

i=2 

We can show that n = (1 — q)^~^m by factoring the polynomial cc” 
dividing by {x — 1), then substituting 1 for x as follows: 

n—1 

x--l=l[{x-qY, 

2 = 0 


n — 1 




x '^-1 


X — 1 


n — 1 

2=1 


1 e T[x], 


(E2.3.2) n = n (1 - <7*) = (1 - 9)”“' J] 

2=1 2=2 

Now we are ready to prove the main result of this section, that also recovers 
Theorem 10.11 


Theorem 2.4. Retain the above notation. The discriminant of Aq over its center 
Z{Aq) is 

d{AqlZ{Aq)) =Tx (nm)’"'((l - g)"x’’y" - 
Proof. Using Lemmas 12.11 and 12.31 and equation (IE2.3.2|) , we have 
(1 _ =rx (nm(l - g)’"-')’"'((1 - g)’":r’"y’’ - 

Since Aq is a domain, we obtain that 

d{AqlZiAq)) =Tx (nm)’"'((l - g)"a;’’y" - 
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□ 


Remark 2.5. 

(1) By [CPWZ21 Lemma 2.7(7)], the integer n in Theorem l2.4l is nonzero in T. 
However n and m may not be invertible in general. 

(2) Theorem 10.II is clearly a consequence of Theorem 12.41 

A slight generalization of Theorem l2.4l is the following. 

Theorem 2.6. Let T be a commutative domain and q G be a primitive n-th 
root of unity. Let B be the T-algebra of the form 

_ T{x,y) _ 

{yx — qxy = a, cc" = b, y" = c) 

where a,h,c G T. Suppose that B is a free module over T with basis {x'^y^ \ 0 < 
hj < n- — !}• Then d{B/T) =xx (nm)”^((l — q)'^x^y^ — a")"("-i)^ where m is 
given in (|E2.3.1I) . 

Proof. First note it is well-known and easy to check that T is the center of B. 

Recall that Aq is the algebra of the form T{x,y)/{yx — qxy = a). There is 
a natural algebra homomorphism g from Aq to B sending a: to a; and y to y 
and t G T to t G T. Then the hypotheses in Lemma 11.21 hold. By Lemma 11.21 
g(d{Aq/Z{Aq))) = d{B/T). Now the assertion follows from Theorem 12.41 □ 


3. Discriminant of Clifford algebras 


In this section we assume that 2“^ G k. We fix an integer n> 2. 

Let T be a commutative domain and let ^ := {a^- | 1 < i < j < n} be a set of 
scalars in T. We write Oji = Uij it i < j. Let Vn{A) be the T-algebra generated by 
{xi, • • • , Xn} subject to the relations 


XiXj -+- XjXi = Uij, V i ^ j. 

This algebra was studied in [CPWZll ICPWZ3j . Some basic properties of Vn (^) 
are given in [CPWZll Section 4]. Let Mi be the matrix 




/2x\ 012 

‘ ^In \ 



021 2x| • • 

‘ ^2n 

(E3.0.1) 

Ml := 

0^12 ' ‘ 


This is a 

symmetric matrix with entries in Z 

T[xl, 


,x^]. We will define a 
sequence of matrices Mi later. Note that Z is a, central subalgebra of Vn{A). If we 
write Ml = (mijulnxn, then mij,i = XjXi -I- XiXj for all i,j. 

The algebra Vn{A) is a Clifford algebra over Z. We will recall the definition of 
the Clifford algebra associated to a quadratic form in the second half of this section. 
In the next few lemmas, we are basically diagonalizing the quadratic form, which is 
elementary and well-known in the classical case, see [Lai Chapter I, Corollary 2.4] 
for some related material. Since we need some explicit construction to complete 
the proof of our main result, details will be provided below. 

We will introduce a sequence of new variables starting with 


x^^i = x^, V z = 1, • • • ,n. 
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and 


(Xij_\ — ^ijt ^ ^ ^ J1 and o.ii \ — •> ^ ^■ 


So we have + Xi^iXj^i = aij^i for all i, j. Let 

(E 3 . 0 . 2 ) xi^2 '■= Xi,i and Xi^2 '■= a^i,i ~ 2^^11,1^11^1,1 i> 2 . 


Lemma 3.1. Retain the notation as above. 

(1) Xi^ 2 Xi ,2 + Xi^ 2 Xi ,2 = 0 for all i>2. 

(2) xl^ = xf 1 - \al,^^xfl for all i > 2. 

(3) Xi^ 2 Xj ,2 + Xj^ 2 Xi ,2 = aij,i — ^aii^iQij^ixf^ for all 2 < i < j < n. 

(4) Let M 2 he the matrix {xi^ 2 Xj ^2 + Xj^ 2 Xi^ 2 )i<i,j<n- Then det M 2 = detMi. 

(5) Let Cl = {xf\}i>i. Then the localization Vn{A)[Cf^\ is free over Z[Cf^] 
with basis {x'f ^2 ‘ ‘ ‘ Xn ''2 I = Oj !}• 

Proof (1,2,3) Follows by direct computation. 

(4) Let N be the matrix 

/ 1 0 0 ••• 0 \ 

~5®12,l^ip 1 0 ■■■ 0 

0 1 ■ ■ ■ 0 

V-iai„,ia^r,? 0 0 1/ 

By linear algebra and part (3), one can check that NMiN'^ = M 2 . Since det TV = 1, 
we have det M 2 = det Mi. 

(5) First of all Vn{A) is free over Z with basis {xi^i---x'^y \ ds = 0,1}. In 

the localization Vn{A)[C~^], this basis can be transformed to a basis {x^ 2 ‘ ‘ ‘ 2 I 

ds = 0,1} by using (IFko.2l) . □ 


After we have Xi,2, define 0^,2 to be Xi^2Xj^2 Ax^,2x^,2 for all i,j. Now we define 
Xi,s and Oij^s inductively. 

Definition 3 . 2 . Let s > 3 and suppose that Xi^s-i and aij^s-i are defined induc¬ 
tively. Define 

(E 3 . 2 . 1 ) Xj s .— Xj s_i, V f ^ s and x^ § .— x^ g—i '^iis—ii,s—iXs—i s—i^ 

Define := Xi^gXj^s +Xj^sXi^s for all i,j. 

Similar to Lemma 13.11 we have the following lemma. Its proof is also similar to 
the proof of Lemma 13.11 so is omitted. 


Lemma 3.3. Retain the notation as above. Let 2 < s < n. 

( 1 ) Xi,sXj,s -|- Xj,sXi,s = 0 for all i < j and i < s. 

(2) Xi^s = Xi^s-i ifi<s and x^^ = xf ,,_i - for all i > s. 

(3) Xi^sXj^s 4“ Xj^sXi^s — iiij,s—i for all s ^ z ^ 

j < n. 

(4) Let Ms be the matrix {xi^sXj^s + Xj^sXi^s)i<i,j<n- Then det Mg = det Mi. 

(5) LetCs-i 6e t/ie Ore set {xi*}x 2*2 • • • ,G-i>i- Then the localiza¬ 

tion Vn{A){Cfffi] is free over Z[Cfffi] with basis {xf^^ ■ ■ ■ xf^^ | ds = 0 , 1 }. 
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We need two more lemmas before we prove the main result. 

Lemma 3.4. Let T be a commutative domain. Let A be a T-algebra containing T 
as a subalgebra, generated by xi, - ■ ■ ,Xn and satisfying the relations xjXi -\-XiXj = 0 
for all i < j and x'f = Oi € T. Suppose that A is a free module over T with basis 
{xf^ ■ ■ ■ xf,^ I ds = 0,1}. Then 

n n 

d{A/T) =rpx (Y\{‘^xI)Y =tx 

i=l i=l 

Proof. Let B = T_i[a:i, • • • , Xn] and Z = T[x1,- ■ ■ , xf]. Then i? is a free module 
over Z with basis {x^^ ■ ■ ■ | ds = 0,1}. Let g be the algebra map from B to A 

sending T to T, Xi to Xi. Then the hypotheses in Lemma [T^] holds. By Lemma [L^ 
g{d{B/Z)) =rpx d{A/T). Note that d{B/Z) was computed in Proposition ll.4f 3l to 
be (n"=i(2a:f))^ as we assume that 2 is invertible. Now the assertion follows. □ 

Let A be an Ore domain and let Q{A) denote the skew field of fractions of A. 
Let Z be the commutative subalgebra T[x\, • • • , x^ C Vn(A). For each 1 < 1 < n, 
let Zi be the subring of Q{Z) of the form Q{T[xl, • • • , xf, • • • , x'^])[xf]. 

Lemma 3.5. Retain the above notation. 

( 1 ) (Ti=iZ. = Q{T)[xl--- ,xl]. 

(2) C Zn where Z[C.^]_i\ is defined in Lemma \3.8]f 5}. 

Proof. (1) This is an easy commutative algebra fact. 

(2) By Lemma 1531 21 and induction, each xf for all 1 < * < n and all 1 < s < n, 
is in Q{T[xl--- ,xl_,]). So Z[C-1,] C 

□ 


Theorem 3.6. Suppose 2 is invertible. Let Z = T[x\, ■ ■ ■ ,xf,]. Then 

d{Vn{A)/Z) =7'x (detiWi)^ 
where Mi is given in (IE3.0.1|) . 

Proof. Consider the variables {xi^n}i=i defined in Lemma [331 By Lemma iTST Sl. 
Vn{A)[C~^i\ is free over Z[C~^i\ with basis {xi^^ ■ ■ | ds = 0,1}. By Lemma 

13.41 the discriminant d{Vn{A)[C~}_i\/Z[C~f_f\) is of the form (n”=i(^i))^” ^ fo 
a unit in Z[C~^i\. By Lemma [T3}4), we have 

n 

d{y^mc-hi]lz[c-f,]) = {l[{x^,)r~^ = {detM^r-^ = {detMir-\ 

By Lemma fL3l 

diy^[A)/Z) d{VMC-\]/Z[C-\]) =(z[c-AdA 

Let $ be the element d(t4(y4)/Z)“^(det Mi)^" \ Then $ G {Z[C~f_^)^. This 
means that both $ and are in Z[C~^i\ C Z„. By symmetry, $ is Zi for all 
i. Thus $ G nr=i = Q{T)[x\, - ■ ■ ,x^]. Similarly, <1>“^ is in Q{T)[x\,--- ,a;^]. 
Therefore 4),$“^ G Q{T). 
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Write d{yn{A)/Z) = c (detMi)^" ^ where c = S QiT)- It remains to show 
c £ . Note that Vn{A) is a filtered algebra such that gr Vn{A) =T-i[xi, - ■ ■ , Xn]- 

By Lemma [T31 

gTd{Vn{A)/Z) =zx d{glVn[A)/glZ). 

The left-hand side of the above is c (0^=1 ^ ^.nd the right-hand side of the 

above is ( 01 = 1 ( 2 ^?))^" by Proposition ll-df Sl (assuming 2 is invertible). Thus 
c € Z^ as required. □ 


Theorem 10.21 is a special case of Theorem 13.61 by taking = 1 for all i < j. 
The algebras Vn[A) and Wn are special Clifford algebras. Now we consider a 
Clifford algebra in a more general setting. Let T be a commutative domain and V 
be a free T-module of rank n. Given a quadratic form q : V —> T, we can associate 
to this data the Clifford algebra 


C{V,q) 


T{V) 

— q{x) \ x £V)’ 


Note that this q is different from the parameter q in the definition of the g-quantum 
Weyl algebra Aq and the parameter set q in the Kt(q, A) and T^[xi, • • • , Xn]- Con¬ 
sider the bilinear form associated to g, 


(E3.6.1) 


Kx, y) = 2 + y)- 9 (^) -yiy)) 


for all x,y gV. If we choose a T-basis xi,...,for P and let 


(E3.6.2) m := (&,,) = 


be the symmetric matrix which represents b with respect to this basis, then the 
relations of C{V, q) are 


(E3.6.3) XiXj + XjXi = 2bij, for all i,j- 

Define det(g) to be det(18). 

The following main result is a consequence of Theorem 13.61 and Lemma 11.21 


Theorem 3.7. Let A := C(V,q) be a Clifford algebra over a commutative domain 
T defined by a quadratic form q :V ^ T. Pick a T-basis ofV, say {xi}'^^i. Then 

(E3.7.I) d{A/T) =Tx {det{xiXjXjXi)nxny^ ' =tx det(g)^” \ 

Proof. Let b : —>■ T be the symmetric bilinear form associated to the quadratic 

form g. Let a^- = 2b(xi,Xj) for all i < j and A = {aij}i<i<j<n. Then there 
is a canonical algebra surjection tt : Vn{A) —>■ C{V,q) sending Xi —?> Xi for all 
i = 1, - ■ ■ ,n and t —?> t for alH G T, and the kernel of the tt is the ideal generated 
by {xf — Clearly, 7r(r[xf, • • • ,x^]) = T and the matrix (xjXj + XjXi)nxn 

equals Mi. It is easy to check that {x^^ • • • x’f' | di = 0,1} is a basis of P„(.4) over 
T[x1, • • • , xf\ and a basis of C{V, q) over T. The first equation of (IE3.7.ip follows 
from Theorem 13.61 and Lemma O and the second equation follows from the fact 
that 2*B = (xjXj -|- XjXi)nxn and that 2 is invertible. □ 


In the rest of this section we briefly discuss “generic Clifford algebras” which 
will appear again in Section El (This generic Clifford algebra should be called a 
“universal Clifford algebra”, but the term “universal Clifford algebra” has already 
been used). 
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Fix an integer n. Let I be the set {{i,j) | 1 < * < j < n} that can be thought 
as the quotient set {(*,j) | 1 < i,j < n}/{{i,j) ^ Let w denote the 

integer ^n{n + 1). There is a bijection between I and the set of first w integers 
{1,2,-•• ,w}. Let Tg be the commutative domain | (i,j) € /] which is 

isomorphic to k[ti, • • • , tu,]. Define a T^-algebra Ag generated by {a;i, • • • , Xn} and 
subject to the relations 


(E3.7.2) XiXj + XjXi = V 1 < i j < n. 

Let Vg = TgXi- Define a bilinear form bg '.Vg ®Vg ^ Tg by bg{xi, Xj) = 

and the associated quadratic form by qg{x) = bg{x,x) for all x G Vg. The “generic 
Clifford algebra” Ag is dehned to be the Clifford algebra associated to {Vg, qg). For 
any Clifford algebra C{V, q) over a commutative ring T, by comparing (IE3.6.3I) with 
(IE3.7.2|) . one sees that there is an algebra map Ag —>• C{V, q) sending Xi —>■ Xi and 
t^ij) —>■ bij. Define degXi = 1 for all i and degt(ij) = 2 for all {i,j) G I. Then Ag 
is a connected graded algebra over k. 

We also define some factor algebras of Ag. Let J be a subset of {(i, j) | 1 < 
i < j < n} and wj denote the integer w — | J|. Let Tgj be the commutative 
polynomial ring k[tij \ {i,j) G / \ J], which is isomorphic to k[ti, ■ ■ ■ ,twj]. Dehne 
a Tg^j-algebra Ag^ generated by {a;i, • • • , Xn} and subject to the relations 


(E3.7.3) 


XiXj + XjXi 


ihj) ^ ^ \ 

0, {i,j) G J. 


Let Vg,j = Tg^jXi. Dehne a bilinear form bg^j : Vg^j (g) Vgj -)> Tg^j by 


bg,j{Xi, Xj ) — 


(bj) £ L \ T, 


and the associated quadratic form by qg,j{x) = 


^0, {i,j) G J. 

bg{x, x) for all x G Vg_j. Then Ag^j is the Clifford algebra associated to {Vgj, qg. j). 
If J C J' C {{i,j) \ I < i < j < n}, there is an algebra map Agj —>• Agji sending 


Xi 


Xi and t, 




(bj) i J', 


0 


(bj) G J' \ J. 


. In particular, Ag j is a connected 


graded factor ring of Ag. 

In part (4) of the next lemma, we will use a few undehned concepts that are 
related to the homological properties of an algebra. We refer to [Lil ILPIIRZI for 
dehnitions. 


Lemma 3.8. Retain the above notation. Assume that k is a field of eharacteristic 
not two. Let J' he subset of {{i,j) | 1 < i < j < n} and J = J'\ {(foiio)} for some 
(*o, jo) € J'. 

(I) The Hilbert series of Ag is 


HA,{t) 


where w = \rL{n + I). 

(2) The Hilbert series of Ag^j is 


Ha, At) 


{l + A 
(1 - 


(i + t)" 

(1 - 


where wj = w — | J|. 

(3) tf^igjgj is a central regular element in Agji, and Agj = jo))- 
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(4) Ag and Ag^j are connected graded Artin-Schelter regular, Auslander regular, 
Cohen-Macaulay noetherian domains. 

Proof. (1) Note that Ag is a free module over Tg with basis | dg = 0,1}. 

Recall degXi = 1 and degt(^ij) = 2. We have 

(2) The proof is similar. Use the fact Ht^ j{t) = 

(3) It is clear that is central in Agji and Ag^j = Ag^ji /So the 

ideal (i(zo,jo)) ideal t{io,jo)^g,J' right ideal Ag^j't(^i^ jgy By parts 

(1) and (2), the Hilbert series of {tygjg)) is jX^)- So is regular. 

(4) We only provide a proof for Ag. The proof for Ag^j is similar. 

From part (3), Jm '■= | 1 < i < J < n} is a sequence of regular central 

elements in Ag of positive degree. It is easy to see that Ag^jj^{= Ag/{JM)) is 
isomorphic to the skew polynomial ring k-i[xi, - ■ ■ , Xn], which is an Artin-Schelter 
regular, Auslander regular, Cohen-Macaulay noetherian domain. Applying m 
Lemma 7.6] repeatedly, Ag has finite global dimension. Applying |Lel Proposition 
3.5, Theorem 5.10] repeatedly, Ag is a noetherian Auslander Gorenstein and Cohen- 
Macaulay domain. By Theorem 6.3], Ag is Artin-Schelter Gorenstein. Since Ag 
has hnite global dimension, it is Auslander regular and Artin-Schelter regular. □ 


Remark 3.9. Retain the above notation. 


(1) Some homological properties of the algebra Ag are given in Lemma [3.81 It 
would be interesting to work out combinatorial and geometric invariants 
(and properties) of Ag. For example, what are the point-module and line- 
module schemes of Ag? Definitions of these schemes can be found in |VVRI 
IVVRWj . 

(2) Another way of presenting Ag is the following. Let S' be a A:-vector space 
of dimension n. Define Ag to be fc(S)/([x^,y] = 0 ] V x, y, G S). By using 
this new expression, one can easily see that the group of graded algebra 
automorphisms of Ag, denoted by Autgj.(Ag), is isomorphic to GL„(fc). 

(3) Suppose n > 2. The full automorphism group Aut(Ag) has not been de¬ 
termined. It is known that Aut(Ag) is not affine. For example, if f{t) is a 
polynomial in t, then 


Xi 


Xi 

Xl + f{[Xl,X2]'^)x2 


i > I, 
i = I, 


extends to an algebra automorphism of Ag. 

(4) It seems interesting to study “cubic-algebra” k{S)/{[x^,y] = 0 ] Vx,j/ G S) 
and higher-degree analogues. 

(5) The quotient division ring of Ag, denoted by Dg, is called the “generic Clif¬ 
ford division algebra of rank n”. It would be interesting to study algebraic 
properties or invariants of Dg. 


4. Center of skew polynomial rings 

To use the discriminant most effectively, one needs to first understand the center 
of an algebra. In this section we give a criterion for when Tq[xi, • • • , Xn] is free over 
its center and when the center of Tq[xi, • • • , x„] is a polynomial ring. 
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Recall that T is a commutative domain and q := {qij S | 1 < z < j < n} is a 
set of invertible scalars. Let P := T^[xi^, Xn] be the skew polynomial ring over 
T subject to the relations (IEO.2.11) . We assume that dij := o[qij) < oo and write 

(E4.0.1) qij = exp(27rA/^ kij/dij), 

where \kij\ < dij and {kij,dij) = 1. Note that, by our convention, qij = q~^^ for 
all i,j. Hence, we choose kij = —kji and dij = dji. We also adopt the convention 
that if qij = 1 then kij = 0 and dij = 1. In particular, ku = 0 and da = 1. We can 
extend P to with an inverse for each cci, with the following expected 

relations 

XiX~^ = x~^Xi = 1, XjX~^ = q~j^x~^Xj, and x~^x~^ = qijX~^xJ^. 

We need to do some analysis to understand the center of P. Let rji denote conju¬ 
gation by Xi, sending / i —> x~^ fxi, and let ^ = x\^ ■ ■ ■ a;®". Then 

= exp(27r\/^efys) ^ 

where Y S so„(Q) whose {i,j)-th entry is kij/dij, s is the column vector whose z-th 
entry is Si appearing in the powers of and the z-th standard basis vector in 

Q". 

Lemma 4.1. Retain the above notation. Then ^ is in the center Z{P) of P if and 
only ifYs € IP. 

Proof. Since P is generated by {a;^}, ^ G Z{P) if and only if r]i[f) = ^ for all z, if 
and only if exp(27r-^—1 ejYs) = 1, if and only if efYs G I for all z, and finally, if 
and only if Es G Z" . □ 

By choosing the standard basis for Q", we can consider E as a linear trans¬ 
formation Q" —>■ Q" by sending s i —> Es. Here we view Q" as column vectors 
and E as a left multiplication. We can restrict this map to Z" C Q" (embedded 
via the standard basis) and compose with the quotient Q" —>■ Q"/Z" to obtain a 
Z-module homomorphism Y' : Z" —> Q^/Z". 

Lemma 4.2. Retain the above notation. Then f, G Z{P) if and only ifs G ker(E'). 

Proof. By lemma HTTl ^ G Z{P) if and only if Es G IP, which is equivalent to 
E'(s) = 0 by the definition of E'. □ 

Let D be the matrix {dij)nxn and let Li be the 1cm of the entries in z-th row 
of D, namely, Li = lcin{dij \ j = 1,... ,n}. Since D is a, symmetric matrix, Li is 
also the 1cm of the entries in z-th column. Observe that Z{P) contains the central 
subring P' := ..., In other words, ker(E') contains the Z-lattice A 

spanned by LiSi for z = 1,..., zi. Therefore E' factors through 

n 

Z" — >M := Z”/A = 0 Z/LiZ. 

i=l 

For each s G Z", the z-th entry of E'(s) is J^j ^ij^j/dij G Q/Z, which is Li-torsion, 
or equivalently, in L“^Z/Z. Therefore E' induces a map 

n 

M' :=0L-iZ/Z. 


M 
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Since M' is naturally isomorphic to M, we can define an endomorphism 

Y : M —> M 

by setting 

n 

In particular, Yej = '^i^iikijLi/dij)ei. Sometimes we think of as a matrix 
Y — (^kijLi/dij^jixn — diag(-Z7i, * * * , Lji^Y. 

The following lemma is a re-interpretation of [CPWZ21 Lemma 2.3]. 

Lemma 4.3. Retain the above notation. The following are equivalent. 

(1) The center Z[P) of P is a polynomial ring. 

(2) Z(P) = P'. 

(3) ker(T) = 0. 

(4) Y is an isomorphism. 

Proof. (1) (2): One implication is clear. For the other implication, we assume 

that the center Z{P) is a polynomial ring. By |CPWZ2l Lemma 2.3], Z{P) is of 
the form T[a;“% • • • , a:“*]. It is easy to check that Li \ Oi for all i. Since Z{P) D P', 
Oi = Li for all i. The assertion follows. 

(3) =» (2): Let ^ := ■ ■ ■ xff € Z{P) and let s = {si)f^i. By Lemma IT^ 

s G ker(y'). Since Y is induced by Y', Y(s) — 0. By part (3), s = 0 in M = IP jK. 
So s G A, which is equivalent to f G P'. Therefore, Z{P) = P' as desired. 

(2) => (3): Let f := ■ ■ ■ x^ G P where s := (si)r=i ^ ker(F) viewing as a 

vector in M. By the definition of M, we might assume that each Si is non-negative 
and less than Li. Since Y is induced by Y', we have that s G ker(Y'). By Lemma 
14.21 f G Z(P). By part (2) and our choice of 0 < Si < Li, ^ = 1 or s = 0 as desired. 

(3) (4): This is clear since M is hnite. □ 

The advantage of working with Y is that ker(y) = 0 is equivalent to Y being 
an isomorphism. Next we need to understand when Y is an isomorphism. For the 
rest of this section we use ( 8 ) for 02 and Fp for 'Ljp'L. 

Lemma 4.4. The morphism Y is an isomorphism if and only if Y 0 Fp is an 
isomorphism for all primes p. 

Proof. As a Z-module, M is finite, and it suffices to show that Y is surjective if 
and only if F 0 Fp is surjective for each prime p. This is clear since — 0 Fp is right 
exact, so surjectivity of a map can be checked on closed fibers. □ 

Fix any prime p. Let Mp = Af 0 Fp, and Fp = F 0 Fp. For any e^, if Li ^ pZ, 
then the image of is zero in Mp. We can therefore use {ei|Li G pZ} as a basis 
of Mp. Consequently, Mp is a vector space over Fp of dimension at most n, and we 
can write Fp as a matrix over Fp. Next we will decompose the vector space Mp 
and the matrix Fp. 

For each positive integer to, let Mp_m denote the subspace of Mp generated by 
{ei\Li G p'^Z — p'^+^Z}. Let Fp_m be the endomorphism 

Mp.™ — >Mp^Mp^ Mp^m 
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where the first map is the inclusion and the last map is the natural projection using 
the given basis {ei\Li G pZ}. Then can be expressed as the submatrix of Y 

taken from the row and columns with indices i such that G Mp^m- For all but 
finitely many values of m, Mp^m = 0 , and in this case, is a 0 x 0 matrix. 

We adopt the convention that the determinant of a 0 x 0 matrix is 1. In general, 
det(yp,m) is in Fp. 

Lemma 4.5. The following are equivalent. 

(1) The map Yp is an isomorphism. 

(2) For all positive integers m, Yp^rn is an isomorphism. 

(3) det(yp,m) 0 for all positive integers m. 

Proof. It is clear that (2) and (3) are equivalent, so we need only show that (1) and 
( 2 ) are equivalent. 

Let TO > 0, and let i,j be such that Li G p"^Z — and Lj ^ p™Z. Since 

Lj = lcin{dkj I k = 1 ,..., 7 T,}, we have dij ^ p'^Z, and kijLi/dij G pZ. Therefore, 
the ei-component of Tpe^ is zero. We can extended this to show that for any 
TO > to' > 0 , the Mp^m' -component of Yp{Mp^m) is zero, or equivalently, 

Yp{Mp^rn) ^ Mp,n ='■ -^m- 
n'>m 

This implies that, for any to > 0, Yp acts as an endomorphism on Nm- Since 
each Mp is finite dimensional, Yp is an isomorphism if and only if it acts as an 
isomorphism on each subquotient Nm/Nm+i — ]^p,m- This action is already given 
by Yp^rn, so the assertion follows. □ 

Combining all the lemmas in this section we have 

Theorem 4.6. The center of the skew polynomial ring Tq[xi, • • • , Xn] is a polyno¬ 
mial ring if and only if det(Yp^m) ^ 0 for all primes p and all integers to > 0 . 

Theorem 14.61 is a slight generalization of Theorem 10.3l al without the hypothesis 
that qij ^ 1 for all i ^ j. The definition of the matrices Tp,m is not straightforward, 
so we give an example below. Hopefully, this example will show that this matrix is 
not hard to understand. 

Example 4.7. We start with the following skew-symmetric matrix with entries in 

Q 


/ 0 

4/27 

2/9 

0 

2/3 

3/5\ 

-djTJ 

0 

1/3 

7/9 

1/3 

1/5 

-2/9 

-1/3 

0 

1/6 

1/2 

1/2 

0 

-7/9 

- 1/6 

0 

2/3 

0 

-2/3 

-1/3 

- 1/2 

-2/3 

0 

5/8 

^-3/5 

-1/5 

- 1/2 

0 

-5/8 

oy 


One can easily construct qij by (IE4.0.1I) and the skew polynomial ring Tq[xi, • • • , xq] 
by (IE0.2.1(I , but the point of this example is to work out the matrices Tp,m for all 
primes p and all to > 0. By considering the denominators of the entries of Y, one 
sees that 

(Li,L2,L3,L4,L5,F6) = (3"-5, 33 . 5 , 2•3^ 2 ■ 3^ 23-3, 23-5). 
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This implies that is a trivial matrix (or a 0 x 0-matrix) except for p = 2,3, 5. 
Next we consider 



/ 0 

20 

30 

0 

90 

81\ 



-20 

0 

45 

105 

45 

27 


F = diag(Li,--- ,Lq)Y = 

-4 

0 

-6 

-14 

0 

-3 

3 

0 

9 

12 

9 

0 



-16 

-8 

-12 

-16 

0 

15 



\-24: 

-8 

-20 

0 

-25 

0 ^ 


Recall that Mp^^n has a basis {e^ | 

Li G 

p^Z - 

p™+3Z} and Fp.m 

is the square 


submatrix of V with indices {i \ Li G p^lj — and with entries evaluated in 

Fp. _ 

For p = 2, Y 2 ,m are the following: 

Y 2 ,i is the principle (3,4)-submatrix of Y, and 

^ 2,1 

b^ 2,3 uses indices 5,6, and 

Y 2 3 

For all m = 2 or m > 3, F 2 ,m is trivial. 

Therefore, Y 2 is an isomorphism by Lemma 14.51 
For p = 3, T 3 ,m are the following: 

uses only index 5, and is the 1x1 zero matrix. 
b^ 3,2 uses indices 3,4, and is the 2x2 zero matrix. 

F^ 3,3 uses indices 1 , 2 , and 

^3,3 - 0 



For all TO > 3, Fa,™ is trivial. 

Since det(Fa,i) = det(Fa, 2 ) = 0, F 3 is not an isomorphism by Lemma IF51 Conse¬ 
quently, the center of Tq[ 2 ;i, • • • , xq] is not a polynomial ring by Theorem 14.61 
For p = 5, F 5 ,m are the following: 

Fsp uses indices 1 , 2 , 6 , and 


Y 5,1 = 




For all TO > 1, Fs,™ is trivial. 

It is easy to check that det(F 5 p) = 0. Therefore F 5 is not an isomorphism. 
For p > 5, Fp_m is trivial for all to > 0. 
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5. Low DIMENSIONAL CASES 

We start with some easy consequences of Theorem 14.61 and then discuss the case 
when n is 3 or 4. 

Corollary 5.1. Suppose there are a prime p and an m > 0 such that 'is odd 

dimensional. Then Yp is not an isomorphism. As a consequence, the center of 
Tq[a::i, • • • ,Xn] is not a polynomial ring. 

Proof. If Yp^m is a skew-symmetric matrix of odd size, its determinant is zero (this 
is true even when p = 2). The rest follows from Lemma [4.51 and Theorem 14.61 □ 

Corollary 5.2. Suppose there is a prime p such that Mp is odd dimensional. Then 
Yp is not an isomorphism. As a consequence, the center ofTq[xi, ■ ■ ■ ,x„] is not a 
polynomial ring. 

Proof. Since Mp = Mp^m, if it is odd dimensional, at least one Mp^m must 

be odd dimensional. The assertion follows from Corollary 15.II □ 

Corollary 5.3. Suppose, for each prime p, p \ dij for at most one pair {i,j), 
^ Si i < 3 if 'n. Then Yp is an isomorphism for each p. As a consequence, the 
center of Tq[xi, ■ ■ ■ , x„] is a polynomial ring. 

Proof. If each dij ^ pZ, then each Li ^ pZ, Mp = 0 and Yp is trivially an isomor¬ 
phism. 

If dij G for some i,j and some positive integer to, and each of 

every other term dke ^ pZ, then Li, Lj G p'^Z — p'^+^Z, and each of every other 
Lfc ^ pZ. This shows that is a nonzero 2x2 skew-symmetric matrix (i.e. 

det(yp_m) 0) and Mp^m' = 0 for each to' to. The rest follows from Lemma HTSl 
and Theorem 14.61 □ 

Next we give simple criteria for Y to be an isomorphism in the cases where 
n = 3,4. 

Corollary 5.4. The center o/rq[aii,a; 2 ,X 3 ] is a polynomial ring if and only if 
{dij,dik) = 1 for all different i,j,k. 

Proof. There are only three d terms - di 2 , di 3 , and d 23 . If each (dij,dik) = 1, then 
no prime is a factor of more than one term in {dij}. By Corollary 15.31 the center 
of Tq[a;i, a; 2 , is a polynomial ring. 

Conversely, suppose that p is a prime such that dij,dik G pT, for some i,j,k. 
Then Li,L 2 ,L 3 G pZ. This implies that Mp has dimension 3. Hence, by Corollary 
[Ql Yp is not an isomorphism. So Y is not an isomorphism. Therefore the center 
of Tq[xi,ai 2 ,X 3 ] is not a polynomial ring by Lemma lL3l □ 

Corollary 5.5. The center of Tq[xi,X 2 ,X 3 ,X 4 ] is a polynomial ring if and only if, 
for each prime p, one of the following holds: 

(a) Each Li ^ pZ. 

(b) For some positive integer m, Yp^m *s 4 x 4 with nonzero determinant. 

(c) There are distinct indices i,j,k,£ G {1,2, 3,4} and a nonnegative integer m 
such that dij G p^+^Z, dk£ G p™Z — p^+^Z, and every other d term is not 
in p™+^Z. 
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Proof. Let P = Tq[a::i, 2 : 2 ,^ 3 ,a; 4 ]. By Lemmas 14.31 and [4.41 Z{P) is a polynomial 
ring if and only if Yp is an isomorphism for all p. It remains to show that, for each 
p, Yp is an isomorphism if and only if one of (a), (b), or (c) holds. Now we fix p, 
and prove the assertion in three cases according to the shape of Mp. 

First we prove the “if” part. 

(a) If each Li ^ pZ, then Mp = 0 and Yp is trivially an isomorphism. This 
handles the case when Mp = 0 . 

(b) If for some m > 0, Yp^m is 4 x 4 with nonzero determinant, then every other 
Yp^r (for all r ^ m) is a 0 x 0 matrix, and consequently, Yp an isomorphism. This 
is the case when Mp = Mp^m is 4-dimensional for one m. 

(c) Assume the hypotheses in part (c). Let m' > m be the integer such that 
dij G p™ Z — p™ +^Z. If TO = 0, then dij is the only d term divisible by p. Hence 
yp,m' is a skew-symmetric 2 x 2 nonzero matrix and Yp^r is trivial for all r ^ m'. 
Therefore Yp is an isomorphism. If to > 0, then Yp^ra and Yp^rn' are both skew- 
symmetric and 2x2, and (because kkiL^/dke ^ pZ), nonzero. Furthermore, every 
other Yp^r is 0 x 0 for all r ^m,m!. Therefore Yp is an isomorphism. 

For the rest we prove the “only if” part. 

Suppose that Yp is an isomorphism. By Corollarv l5.21 Mp is even dimensional, 
that is, dim Mp = 0,2 or 4. 

The dim Mp = 0 case coincides with the case when each Li ^ pZ, so we obtain 
case (a). 

For the dimMp = 2 case, at least one dij G pZ, Li, Lj G pZ, and no other d term 
is a multiple of p, so Yp is necessarily an isomorphism. We can set to = 0, so that 
dij S p'^+^Z, and all other dab ^ p™'''^Z. So we obtain (c). 

All that remains is the dim Mp = 4 case. We have that each Mp^rn is even 
dimensional by Corollarv l5.II If dim Mp_m = 4 for some to, then Yp^m is 4 x 4 and 
Yp is an isomorphism if and only if det(yp_m) 0. So we obtain case (b). 

Finally, suppose there exist m' > m > 0 such that dim Mp^m = dimMp^m' = 2. 
Let i,j, k, £ be distinct such that Li, Lj G p™ Z—p"* +^Z and Lk, L^ G p™Z—p"*+^Z. 
We must have that dij G p"* Z C p'^+^Z and every other d term is not in p'^+^Z. 
If dk£ ^ p™Z, then kkiLk/dki,kikLi/dik G pZ and Yp^m is the 2x2 zero matrix, 
yielding a contradiction. Therefore, dki must be in p"*Z. So we obtain case (c) 
again. □ 


6. Center of Generalized Weyl algebras 


Let T be a commutative fc-domain. In this section we assume that q := {qij} is 
a set of roots of unity in T and A := {a^- | 1 < i < j < j} be a subset of T. Dehne 
the generalized Weyl algebra associated to (q, .4) to be the central T-algebra 


V{q,A) : 


_ T{xi, _ 

{XjXi QijXiXj CLij | ^ ^ j) 


Consider a filtration on V (q. A) with deg Xi = 1 and det t = 0 for all t gT. Suppose 
that 


(E6.0.I) giV{q,A) is naturally isomorphic to T'q[a;i, • • • ,Xn]. 

Consider the hypothesis that 

(E6.0.2) for any pair {i,j), Oij = 0 whenever qij = I. 
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Proposition 6.1. Suppose (jE6.0.1ll and (IE6.0.2I) and let A = E(q, .4). If the 
center Z{gT A) is a polynomial ring, then so is Z{A), and Z{A) = Z{gT A). 

Proof. If Z{gr A) is a polynomial ring, then Z{gi A) = T[xi^ ,■■■ , where Li = 
lcm{dij \ j = 1, ■ ■ ■ , n} [Lemma 14.3j . Recall that dij is the order of qij. 

First we claim that is in the center of A. For each j, we have XjXi = qijXiXj + 
Uij. If qij = 1, then xj commutes with Xi by hypothesis (jE6.0.2|) . so Xj commutes 
with xf'. If qij ^ 1, then the order of qij is dij. The equation XjXi = qijXiXj + Oij 
implies that Xj commutes with x ^'’^, as each Xjx’l = q’fjX^Xj + {l-\-qij+- ■ ■-\-q^~^)aij. 
Since dij divides Li, Xj commutes with x^' for all j ^ i. This shows that xf' is 
central. 

Since gr A is the skew polynomial ring Tq[xi, • • • ,Xn], it is easy to check that 
gTZ{A) C Z(giA). Since Z{gTA) is generated by then induction on 

the degree of element / S Z{A) shows that / is generated by xf\ Therefore the 
assertion follows. □ 

Proposition 6.2. Retain the above notation and suppose (|E6.0.1|) . If Oij 0 for 
some i j, then qikPjk = I for all k ^ i or j. 

Proof. We resolve XkXjXi in two different ways, 


{xkXj)Xi 

— (^Qjk^j^k 

— Qjk^jiS^k^i^ “1“ 

— Qjk^j{_Qik^i^k H” 

— QjkQik{XjXi)Xk Qjk^ik^j ^jkXi 

— QjkQiki^Qij^i^j “1“ Qjk^ik^j O.jk^i 

— QjkQikQij^i^j^k QjkQik^ij^k Q_jk^ik^j O^jkXi 

and similarly, 


Xk{XjXi) 

— Xki^QijXiXj ~h ) 

— Qiji,^k^i^^j “1“ (^ijXfz 

— Qij {.Qik^i^k “1“ H” (kijXf^ 

— QijQik^ii^^k^j^ H” Qij^ik^j H” ClijXj^ 

— QijQikQjk^i^j^k H” QijQik^jk^i “t“ QijO.'ik^j “t“ Q'ijX}^ 


Comparing the coefficients of Xk gives the result. □ 

When an algebra A is finitely generated and free over its center (as in the situa¬ 
tion of Proposition 16.11) . one should be able to compute the discriminant of A over 
its center. We give an example here. 

Example 6.3. Let A be generated by xi,X 2 ,X 3 ,X 4 subject to the relations 

X3X1 — X1X2 = 0 , X4X2 + X2X4 = 0 , 

(E6.3.I) X3X2 — X2X3=0, X3X4 -\-X4X^ = Q, 

X4X4 + X4X4 = 0, X 4 X 2 "I" X2X1 = x'^ + X4. 

This is the example in [VVRI Lemma l.I] (with A = 0). It is an iterated Ore 
extension, and therefore, Artin-Schelter regular of global dimension four. 
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It is not hard to check that the center of A is generated by xf. This algebra is 
a factor ring of the algebra B over T := k[t] generated by xi,X 2 ,X 3 ,X 4 subject to 
the relations 

X 3 X 1 — X 1 X 2 = 0 , X 4 X 2 + X 2 X 4 = 0 , 

(E6.3.2) X 3 X 2 — X 2 X 3 = 0, X 3 X 4 + X 4 X 3 = 0, 

X 4 X 1 + X 1 X 4 = 0 , X 1 X 2 + X 2 X 1 = t. 

Note that grS is a skew polynomial ring over T with the above relations by 
setting t = 0. The F-matrix is 

/ 0 1/2 0 l/2\ 

- 1/2 0 0 1/2 

0 0 01 / 2 ’ 

\-l/2 -1/2 -1/2 0 

By Corollarv l5.5r bb B has center T[xf, x^, X 4 ]. By the next lemma the discrimi¬ 

nant of B over its center is 2‘^^{4:xlx2 — t^)^xl^x\^. By Lemma [T2l the discriminant 
of A over its center is 2 "‘®( 4 xfx 2 — (x| -|- We will see in the next sec¬ 

tions that ©(A) = A. As a consequence of Theorem 10.51 A is cancellative and the 
automorphism group of A is affine. 

Lemma 6.4. Suppose the k[t]-algebra B is generated by {xi,X 2 ,X 3 ,X 4 } subject to 
the six relations given (IE6.3.2I) . Then the discriminant of B over its center is 
2*\4xlxl-t^)>^xfxf. 

Sketch of the Proof. It is routine to check that the center of B is 

Z{B) = fc[t][x^,x^,x^,x^]. 

The algebra is a free module over Z{B) of rank 16 with a Z(_S)-basis {xfx^x^x^ \ 
a, b^c^d — 0,1}. Let {zi, • • • Ziq} be the above Z(^)-basis. Then we can compute 
the matrix (tr(ziZj))i 6 xi 6 ; which is 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

8cdt 
0 
0 
0 
0 
5 

where a = — 16a6 + [3 = — 16a6c + 8 ct^, 7 = — 16a6d + 8 di^, 6 = 16abcd— 8cdt‘^, 
and a = x\^b = x\^c = = x\. We skip the details in computing the above 

traces. By using Maple, its determinant is 2‘^^{Ax\x2 — t‘^)^xl^x\^. □ 

7. Three subalgebras 

In this section we discuss three (possibly different) subalgebras of x4, all of which 
are helpful for the applications in the next section. 
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7.1. Makar-Limanov Invariants. The first subalgebra is the Makar-Limanov In¬ 
variants of A introduced by Makar-Limanov [Malj . This invariant has been very 
useful in commutative algebra. For any fc-algebra A, let Der(A) denote the set of 
all fc-derivations of A and LND(Al) denote the set of locally nilpotent ^-derivations 
of 24. 

Definition 7.1. Let A be an algebra over k. 

(1) The Makar-Limanov invariant [Mai] of A is defined to be 

(E7.1.1) ML(A) = Pi ker((5). 

5eLND(A) 

(2) We say that A is UAD-rigid if ML(A) = A, or LND(A) = {0}. 

(3) We say that A is strongly LND-rigid if ML(>l[ti, • • • , t^]) = for all d > 0. 

The following lemma is clear. Part (2) follows from the fact that d G LND(A) if 
and only if g~^dg G LND(7l). 

Lemma 7.2. Let A be an algebra. 

(1) ML(A) is a subalgebra of A. 

(2) For any g G Aut(7l), g(ML(A)) = ML(A). 

7.2. Divisor subalgebras. Throughout this subsection let A be a domain con¬ 
taining Z. Let T be a subset of A. Let Sw{F) be the set oi g G A such that 
/ = agb for some a,b G A and 0 ^ f G F. Here Sw stands for “sub-word”, which 
can be viewed as a divisor. 

Definition 7.3. Let F a subset of A. 

(1) Let Do{F) = F. Inductively define Dn{F) as the fc-subalgebra of A gen¬ 
erated by Sw{Dn-i{F)). The subalgebra D{F) = [jn>o ^ri{F) is called 
the F-divisor subalgebra of A. If F is the singleton {/}, we simply write 
D{{f}) as Dif) 

(2) If / = d{A/Z) (if it exists), we call D(f) the discriminant-divisor subalgebra 
of A or DOS of A, and write it as D(H). 

The following lemma is well-known |Ma21 p. 4]. 

Lemma 7.4. Let x, y be nonzero elements in A and let d G LND(H). If d{xy) = 0, 
then d{x) = d{y) = 0 . 

Proof. Let m and n be the largest integers such that d'^{x) ^ 0 and 9"(j/) 7 ^ 0. 
Then the product rule and the choice of m, n imply that 

So TO -I- n = 0. The assertion follows. □ 

Lemma 7.5. Let F be a subset o/ML(H). Then D{F) C ML(H). 

Proof. Let d be any element in LND(A). By hypothesis, 9(/) = 0 for all f G F. 
By Lemma [TUI d{x) = 0 for all x G Sw{F). So 9 = 0 when restricted to Di{F). 
By induction, 9 = 0 when restricted to D{F). The assertion follows by taking 
arbitrary 9 S LND(H). □ 
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Lemma 7.6. Suppose d{A/Z) is defined. Then the DDS ]D>{A) is preserved hy all 
g € Aut(A). 

Proof. By [CPWZll Lemma 1-8(6)] or [CPWZ21 Lemma 1.4(4)], d{A/Z) is g- 
invariant up to a unit. So, if g S Aut(A), then g maps Sw{d{A/Z)) to Sw{d{A/Z)) 
and Di{d{A/Z)) to Di{d{A/Z)). By induction, one sees that g maps Dn{d{A/Z)) 
to Dn{d{A/Z)). So the assertion follows. □ 

We need to find some elements f G A so that 9(/) = 0 for all d G LND(A). The 
next lemma was proven in [CPWZ21 Proposition 1.5]. 

Lemma 7.7. Let Z be the center of A and d > 0. Suppose . Assume 

that A is finitely generated and free over Z. Then d{d{A/Z)) = 0 for all d G 
LND(A[ti,-.- ,td]). 

Proof. Let / denote the element d(A[ti,--- ,td]/Z[ti, - ■ ■ fid]) in Z[ti,--- fid]. By 
[CPWZ21 Proposition 1.5], d{f) = 0. By [CPWZll Lemma 5.4], 

/ =fex d{A/Z). 

The assertion follows. □ 


Here is the first relationship between the two subalgebras. 

Proposition 7.8. Retain the hypothesis of Lemma \ 7. 7[ Let d>0. Then 

©(A) CML(A[ti,--- fid])CA. 

Proof. It is clear that ML(A[ti, • • • fid]) C A by [BZj . Let / = d{AIZ), which 
is in A C A[ti,--- fid]. By Lemma 17771 / G ML(A[ti,-- - fid])- Let D'{f) be 
the discriminant-divisor subalgebra of / in A[ti, • • • fid]. By Lemma [7.51 D'{f ) C 
ML(A[ti, • • • , td\). It is clear from the definition that D{f) C D'{f). Therefore the 
assertion follows. □ 

In particular, by taking d = 0, we have D(A) C ML(A). 

7.3. Aut-Bounded subalgebra. In this subsection we assume that A is filtered 
such that the associated graded ring grA is a connected graded domain. Later 
we further assume that A is connected graded. Since grA is a connected graded 
domain, we can define deg / to be the degree of gr/, and the degree satisfies the 
equation 

deg{xy) = deg a; -I- degy 

for all x,y G A. 

Definition 7.9. Retain the above hypotheses. Let G be a subgroup of Aut(A) and 
let P be a subset of A. 

(1) Let X be an element in A. The G-bound of x is defined to be 

degc.(a:) := sup{deg(g(x)) ]gGG}. 

(2) Let g be in Aut(A). The V-bound of g is defined to be 

degg(P) := sup{deg( 5 (a:)) \xGV}. 

(3) The G-bounded subalgebra of A, denoted by fioiA), is the set of elements 
a: in A with finite G-bound. It is clear that ficiA) is a subalgebra of A 
[Lemma 17.101 11]. In particular, the Ant-bounded subalgebra of A, denoted 
by /3(A), is the set of elements a: in A with finite Aut(A)-bound. 
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The following lemma is easy, so we omit the proof. 

Lemma 7.10. Retain the above notation. Let G be a subgroup o/Aut(>l). 

(1) The set PciA) is a subalgebra of A. 

(2) giPciA)) = PciA) for allg&G. 

Here is the relation between the two subalgebras D(A) and P{A). Let H be a 
subset of A. We say V is of bounded degree if there is an N such that deg{u) < N 
for all V G V. 

Proposition 7.11. Let A be a filtered algebra such that gi A is a connected graded 
domain. Suppose that G C Aut(A) and F Q A. 

(1) If G{F) has bounded degree, then D{F) C Pc{A). 

(2) If f G A is sueh that g{f) =z(A)x f for all g GG, then D{f) C Pg{A). 

(3) Assume that A is finitely generated and free over its center Z. Let f = 
d{A/Z), then D(A) = £»(/) C /3(A). 

Proof. (1) We have Do{F) = F C Pg(A) by assumption and use induction on n. 
Suppose that Dn-i{F) C Pg{A). Assume that Dn{F) is not contained in Pg{A). 
Then there exists x G Dn{A) such that G{x) does not have bounded degree. Since 
Dn{A) is generated by Sw{Dn-i{A)) as an algebra, there is an / G Sw{Dn-i{A)) 
such that G{f) does not have bounded degree. By definition of Sw{Dn-i{A)), 
there exists a nonzero /' G Il„_i(A) and a,b G A such that /' = afb. Since 
grA is a domain, we have deg{g{f')) = deg(( 7 (a)) + deg{g{f)) + deg{g{b)) for all 
g G G. Hence G{f') does not have bounded degree, which is a contradiction. Hence 
Dn{F) C Pg{A) for all n > 1, therefore D{F) C Pg{A). 

(2) Since Z{A)^ C Aq, we see that G{f) has bounded degree, hence part (2) 
follows from part ( 1 ). 

(3) The third assertion is a special case of part (2) by Lemma [1.21 □ 

Under the hypotheses of Pror)ositions l7.8l and l7.11l (and assume that A is finitely 
generated and free over its center Z), we have 



ML(A) /3(A) 

A 

For the rest of this section, we assume that A is a connected graded domain and 
that k contains the field Q. An automorphism g of A is called unipotent if 

(E7.11.1) g{v) = u + (higher degree terms) 

for all homogeneous elements v G A. Let Aut„„i(A) denote the subgroup of 
Aut(A) consisting of unipotent automorphisms |CPWZ2l After Theorem 3.1]. If 
g G Autuni(A), we can define 

OO -| 

(E7.11.2) iog(g):=-^-(l- 5 )b 

Let G be the completion of A with respect to the graded maximal ideal m := 
A>i. Then C is a local ring containing A as a subalgebra. We can define deg; : 
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C —>■ Z by setting deg;(z;) to be the lowest degree of the nonzero homogeneous 
components of v G C. We define a unipotent automorphism of C in a similar way 
to (IE7.11.H) by using deg;. It is clear that if 5 G Aut„„i(Al), then it induces a 
unipotent automorphism of C, which is still denoted by g. 

Lemma 7.12. Let A be a connected graded domain. Let g G Autu„i(A) and G 
be any subgroup 0/Aut(A) containing g. Let B denote /dciA). Then log{g) \b 
is a locally nilpotent derivation of B. Further, g \b is the identity if and only if 
log(g) \b is zero. 

Proof. Let C be the completion of A with respect to the graded maximal ideal 
m := A>i. Let g also denote the algebra automorphism of C induced by g. Then 
g is also a unipotent automorphism of C. 

Since g is unipotent, degi{l — g){v) > deg; v for any 0 ^ v G C. By induction, one 
has deg(l —(7)”(u) > n + degu for all n > 1. Thus log((7)(u) converges and therefore 
is well-defined. It follows from a standard argument that log(g) is a derivation of 
C (this also is a consequence of [El Proposition 2.17(b)]). 

Let V be an element in B := fic{A). Note that g'^{v) G B for all n by Lemma r7.I0l 
Since v G B, there is an Nq such that deg5”(u) < Nq for all n. If (I — 5)"(u) 0, 

then 

(E7.12.I) deg(l - g)"-(v) = deg(^ < ^0, for all n. 

When n > Nq, the inequalities from the previous paragraph imply that 

(E7.12.2) deg;(l — g)"(u) > n + degu > A^o, 

which contradicts (IE7.12.il) unless (1 — g)^(v) = 0. Therefore 

(E7.12.3) (1 - g)”(u) = 0, for all n > Nq. 

By (IE7.12.3|) . the infinite sum of log(5) in (IE7.11.2|) terminates when applied 
to V G B, and log(g)(u) G A. By Lemma r7.101 log((7)(u) G B. Since log(g) is a 
derivation of C, it is a derivation when restricted to B. 

Next we need to show that it is a locally nilpotent derivation when restricted 
to B. It suffices to verify that, for any v G B, \og{g)^(v) = 0 for N ^ 0, which 
follows from (IE7.11.2I) and (IE7T2.3|) . 

The final assertion follows from the fact that g is the exponential function of 
log(g) and log(g) is locally nilpotent. □ 

Now we are ready to prove the second part of Theorem 10.51 without the finite 
GK-dimension hypothesis. 

Theorem 7.13. Let k be a field of characteristic zero and A be a connected graded 
domain over k. Assume that A is finitely generated and free over its center Z in 
part (2). 

(1) //ML(A) = f3{A) = A, then Aut„„i(A) = {!}. 

(2) //©(A) = A, then Aut„™(A) = {!}. 

Proof. (1) By hypothesis, B := j5{A) equals A. Let g G Aut„„i(A). Then log(5) \b 
is a locally nilpotent derivation of B by Lemma [7.121 Hence \og{g) G LND(A). 
Since ML(A) = A, LND(A) = {0}. So log(g) = 0. By Lemma [7.121 g is the 
identity. 
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(2) Combining the hypothesis ©(yl) = A with Propositions l7.8l and l7.lll we have 
ML (A) = (5 {A) = A. The assertion follows from part (1). □ 

8. Applications 

In this section we assume that fc is a held of characteristic zero. 

8.1. Zariski cancellation problem. The Zariski cancellation problem for non- 
commutative algebras was studied in [BZj . We recall some dehnitions and results. 

Definition 8.1. |BZ1 Dehnition 1.1] Let A be an algebra. 

(a) We call A cancellative if A[t] = B[t] for some algebra B implies that A = B. 

(b) We call A strongly cancellative if, for any d > 1, A[ti,... ,td\ — B\ti,... Ad\ 
for some algebra B implies that A = B. 

The original Zariski cancellation problem, denoted by ZCP, asks if the polyno¬ 
mial ring • • • ,tn\, where fc is a held, is cancellative. A recent resnlt of Gupta 
[GullIGu2| settled the question ZCP negatively in positive characteristic for n > 3. 
The ZCP in characteristic zero remains open for n > 3. Some history and partial 
results about the ZCP can be found in [BZj . In |BZ) . the authors used discrim¬ 
inants and locally nilpotent derivations to study the Zariski cancellation problem 
for noncommutative rings. 

One of the main results in |BZ| is the following. 

Theorem 8.2. [BZl Theorems 3.3 and 0.4] Let A be a finitely generated domain of 
finite Gelfand-Kirillov dimension. If A is strongly hND-rigid {respectively, LND- 
rigid), then A is strongly cancellative {respectively, cancellative). 

Now we have an immediate consequence, which is the hrst part of Theorem lO.51 
Combining with Theorem 17.131 we hnished the proof of Theorem 10.51 

Theorem 8.3. Let A be a finitely generated domain of finite GK-dimension. Let 
Z be the center of A and suppose A^ = fc^. Assume that A is finitely generated 
and free over Z. If A = ID)(A), then A is strongly cancellative. 

Proof. Combining the hypothesis A = D(A) with Proposition 17.81 we have 

A = D(A) C ML{A[ti, • • • , td]) C A. 

So ML(A[ti, • • • ,td]) = A, or A is strongly LND-rigid. The assertion follows from 
Theorem 18.21 □ 

Next we give two examples. 

Example 8.4. Let A be generated by a;i, • • • , X 4 subject to the relations 

X1X2 + X2X1 = 0 , X2X3 X3X2 = 0 , 

(E8.4.1) xix^x^xi = 0, x^XiXiX^ = Q, 

XiX^ -I- X 4 X 1 = x\, X 2 Xi X 4 X 2 = 0. 

This is an iterated Ore extension, so it is Artin-Schelter regular of global dimension 
4. This is a special case of the algebra in [VVRWl Definition 3.1]. Set xf = yi for 
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i = 1, • • • ) 4. Then Z{A) = k[yi,y 2 ,y 3 , 2 / 4 ]- The Mi-matrix of (IE3.0.ip is 


(Oy)4x4 — 


/ 22 /I 
0 
0 
V ys 


0 0 2/3 \ 

22/2 0 0 

0 22/3 0 

0 0 2 yi) 


The determinant det(aij) is /o := 42/22/3(42/12/4 — 2/1) by linear algebra. By Theorem 
EH the discriminant / := d{A/Z) is f§ . It is clear that 2/2, 2/3 ^ Sw{f) and 
2/1,2/4 G Sw{Di{f)). Thus Xi G Sw{D 2 {f)) for all i. Consequently, A = D(A). By 
Theorem 18.31 A is strongly cancellative. 


The next example is somewhat generic. 

Example 8.5. Let T be a commutative domain, and A = C{V, q) be the Clifford 
algebra associated to a quadratic form q : V ^ T where C is a free T-module of 
rank n. Suppose that n is even. Then the center of ^ is T [Lai Chapter 5, Theorem 
2.5(a)]. We assume that A is a domain with A^ = . Let ti,... ,tw be a set 

of generators of T, and suppose that q{V) C (ti • • • tw)T or det(g) G (ti ■ • • tw)T. 
Then by Theorem 13.71 we have / := d{A/T) G (ti • • • ^ So ts G Sw{f) for all 

s. This shows that T C ID)(A) and then A = D(A) (as x? G T). By Theorem 18.31 A 
is strongly cancellative. 

Remark 8 . 6 . Let A be the algebra in Example 16.31 Using the formula for d{A/Z) 
given in Lemma 16.41 it is easy to see that A = ID)(>1). So >1 is cancellative by 
Theorem [H31 

8.2. Automorphism problem. Bv [CPWZ111CPWZ2] . the discriminant controls 
the automorphism group of some noncommutative algebras. In this section we com¬ 
pute some automorphism groups by using the discriminants computed in previous 
sections. We first recall some definitions and results. 

We modify the definitions in [CPWZll 1CPWZ2] slightly. Let A be an N-filtered 
algebra such that gr A is a connected graded domain. Let X := {cci, • • • ,Xn} be a 
set of elements in A such that it generates A and gr X generates gr A. We do not 
require AegXi = 1 for all i. 

Definition 8.7. Let / be an element in A and X' = {cci, • • • , Xm} be a subset of X. 
We say / is dominating over X' if for any subset { 2 / 1 , • • • , 2 /n} C A that is linearly 
independent in the quotient fc-space A/k, there is a lift of /, say F{Xi, ■ ■ ■ , A„), 
in the free algebra ,A„), such that degF( 2 /i,--- ,yn) > deg/ whenever 

deg yi > degXi for some Xi G X'. 


The following lemma is easy. 

Lemma 8.8. Retain the above notation. Suppose f := d(AjZ) is dominating over 
X'. Then for every automorphism g G Aut(A), deg(/(a:i) < dega;^ for all Xi G X'. 

Proof. Let yi = g{xi). Then { 2 / 1 ,-•• ,2/n} is linearly independent in A/k (as 
{xi,--- ,Xn} is linearly independent on A/k). If degyi > degXi for some i, by 
the dominating property, there is a lift of / in the free algebra, say F{Xi, • • • , A„), 
such that degF{yi, ■ ■ ■ , 2 /n) > deg/. Since g is an algebra automorphism, 

F{yi,- • • ,yn) = F{g{xi), • • • , g{xn)) = g{F{xi,- ■ ■ , x„)) = g{f). 
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By [CPWZll Lemma 1.8(6)], g{f) = f (up to a unit in Z). Hence 
degF(yi,- - • ,y„) = deg 5 (/) = deg/, 

yielding a contradiction. Therefore deg g{xi) = degyi < degXi for all i. □ 

We will study the automorphism group of a class of Clifford algebras, see Exam¬ 

ple [5^ 

Example 8.9. Let A be the Clifford algebra over a commutative A:-domain T as in 
Example 1 8.5 1 and assume that n is even. Let {zi, • • • , z„} denote a set of generators 
for A. We will use {a:i, • • • ,Xn} for the generators of the generic Clifford algebra 
Ag defined in Section [3l Then there is an algebra homomorphism from Ag —> A 
sending Xi to Zi for all i. Since n is even, T is the center of A. Assume that A is a 
filtered algebra such that gr A is a connected graded domain, so we can define the 
degree of any non-zero element in A. Further assume that degt^ = 2 (not 1) for all 
i = 1, - ■ ■ ,w and deg Zi > 2 for all i = 1, 2, • • • , n. In particular, there is no element 
of degree 1. Some explicit examples are given later in this example. 

Recall that we assumed q{V) C (ti Let 26^ = ZjZi + ZiZj, then we 

can write bij = {ti ■ ■ ■ for some TV > 0. By Theorem 13.71 the discriminant 

is / := d{A/T) = [(0^=1 ^ where d' = det(25C)„xn- We need another 

extra hypothesis, which is that 

(E8.9.1) degd'<N. 

Let X' = and X = Then / is a noncommutative polynomial 

over X'. We first claim that / is dominating over X'. Let {yi}'{di be a set of 
elements in A \ A:. If degyi > 2 for some i, then deg[(n^=i TJs)^d'{yi, • • • , 
is strictly larger than the degree of /, as we assume that degd' < TV. This shows 
the claim. 

Now let g be any algebra automorphism of A and let be g(ti) for all i. Then, 
by Lemma 15151 degyi = 2. It follows from the relations ZiZi = bu that degZi > 3. 
Hence (gr A )2 is generated by the t/s. This implies that yi is in the span of X' and 
k. In some sense, every automorphism of A is afhne (with respect to X'). It is a 
big step in understanding the automorphism group of A. 

Below we study the automorphism group of a family of subalgebras of the generic 
Clifford algebra Ag of rank n that is defined in Section [3l As before we assume n is 
even. We have two different sets of variables t, one for Ag and the other for general 
A. It would be convenient to unify these in the following discussion. So we identify 
I 1 < * < j < ’T'} with via a bijection (j). Here w = ^n{n+ 1 ) as in the 

definition of Ag [Section [3]. 

Let r be any positive integer and let Bg ,, be the graded subalgebra of Ag gen¬ 
erated by for all 1 < T < j < n (or and Zi := Xi(JXk^-^ for all 

i = 1, 2, • • • , n. Since Bg -r is a graded subalgebra of Ag, it is a connected graded 
domain. This is also a Clifford algebra over Tg := fc[T(i j)] generated by 
subject to the relations 

W 

ZjZi z>iZj — 2 (t/j;) 

k^l 

from which the bilinear form b and associated quadratic form q can easily be recov¬ 
ered. In particular, q{V) C where V = ^f^^TgZi. By the definition 
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of Ag, degti = 2. Then deg Zi = 1 + Arw > 3. Now we assume that N := 2r is 
bigger than 2r that is the degree of d' := det(f(ij)). So we have 

n <r, or equivalently degd' < N 

as required by (IE8.9.1I) . See also Remark [8 .101 

Let g be an algebra automorphism of By the above discussion, g{ti), for 

each j, is a linear combination of and 1. Using the relations = ba, we 

see that degg(zi) = deg(zi) for all i. Thus g must be a filtered automorphism of 

Bg^d- 

Since g preserves the discriminant / and / is homogeneous in ti, degg{ti) = 2. 
Further, by using the expression of / and the fact that Tg is a UFD, g{ti) can not 
be a linear combination of t^-’s of more than one term. Thus g{ti) = cAj for some j 
and some Cj G . This implies that there is a permutation cr G and a collection 
of units {cilJUj such that g{ti) = for all i. Since g is filtered (by the last 

paragraph), g{zi) = X]fe=i dikZk + Ci where dik, G k. Applying g to the relation 

W 

where N := 2r, 

we obtain that 

w 

^ dik^k) ^ dikZk) 9^4>{i^i))’ 

k k i—1 

Since (^i^dikZk)^ € T, we have ei{^j.dikZk) = 0. Consequently, = 0 and 
9 {z.i) = dikZk- Applying g to the relations 

w 

ZiZj ZjZi = ^bij = 

and expanding the left-hand side, we obtain that 

w 

^ djkdjii^ZkZj ziZk') — 
k,l 

Hence dikdji is nonzero for only one pair (fc, 1). Thus there is a set of units {di}2^i 
and a permutation ip G Sn such that 9 {zi) = diZ^(^i) for alH = 1, • • • , n. Then the 
above equation implies that 

w w w 

didj (J^ ti) (J_ J_ Cj) (J_ J_ ^i) 

i—1 i—1 i—1 

for all i,j. Therefore 

(F8.9.2) =a{(l){ij)) 

and 

W 

(F8.9.3) dtdj = {Y\_c^)^ 

Z=1 


for all z, j. 
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By (IE8.9.2I1 . a is completely determined hy tp G Sn- Let di = 

Then (IE8.9.3I) savs that did^ = So rii^l ~ Yll<i<j<n didj. This means 

that C 0 (j_j)S and are completely determined by d^s. In conclusion, 

Aut(Bg,^) = {'ip G Sn} K {di € I i = 1 , • • • ,n} = S'n K 

In particular, every algebra automorphism of i?g,r is a graded algebra automor¬ 
phism. 

Remark 8.10. As a consequence of the computation in Example 18.91 Aut(Rg,r) 
is independent of the parameter r when r > n. In fact, this assertion holds for all 
r > 0, but its proof requires a different and longer analysis, so it is omitted. On 
the other hand, Aut(i?g_o) = Aut(Ag) is very different, see Remark 1331 31. 

We will work out one more automorphism group below. 

Example 8.11. We continue to study Example 18.41 and prove that every algebra 
automorphism of A in Example 18.41 is graded. Some of unimportant details are 
omitted due to the length. 

Claim 1: m := A>i is the only ideal of codimension 1 satisfying dimm/m^ = 4. 
Suppose I = (xi — ai,a ;2 — 02 , xa — a 3 ,X 4 — 04 ) is an ideal of A of codimension 1 
such that dim/c I/l'^ = 4. Then the map tt : Xi ^ ai for all i extends to an algebra 
homomorphism A ^ k. Applying tt to the relations of A in (IE8.4.1I) . we obtain 
that 

CI1CL2 — 0, uiHa = 0, 2 ciiCi 4 = 113, U2U3 = 0,113114 = 0, 0,2^4 — 0- 

Therefore (a^) is either (oi, 0,0,0), or ( 0 , 02 , 0 , 0 ), or ( 0 , 0 , 0 , 04 ). By symmetry, we 
consider the first case and the details of the other cases are omitted. Let Zi = Xi — ai 
for all i. Then the first relation of (IE8.4.1I) becomes 

ZiZ 2 + 2:22^1 = {xi — ai)x 2 + X 2 [xi — Oi) = —201X2 = — 2 ai 22 - 

So 2 oi 22 G P. Since dival/P = 4, oi = 0. Thus we proved claim 1. 

One of the consequences of claim 1 is that any algebra automorphism of A 
preserves m. So we have a short exact sequence 

1 —^ Aut^^j(A) —y Aut(A) —y Autg,.(A) —)■ 1 

where Autg^ {A) is the group of graded algebra automorphisms of A and Aut„„i (A) 
is the group of unipotent algebra automorphisms of A. 

Claim 2: If / is a nonzero normal element in degree 1, then B := A/{f) is 
Artin-Schelter regular domain of global dimension three. By [RZl Lemma l.I], 
B has global dimension 3. Since A satisfies the y-condition [AZj . so is R. As a 
consequence, B is AS regular of global dimension 3 [AS] . It is well-known that every 
Artin-Schelter regular algebra of global dimension three is a domain (following by 
the Artin-Schelter-Tate-Van den Bergh’s classification [AS! lATVll IATV'2| '). 

Claim 3: If / G Ai is a normal element, then / G kx 2 or f G kx^. First 
of all, both X 2 and X 3 are normal elements by the relations (IE8.4.II) . Note that 
Xig = d-i{g)xi for i = 2,3, where ? 7 _i is the algebra automorphism of A sending 
Xi to —Xi for all i. 

Suppose that / is nonzero normal and / ^ kx^ U kx 4 . Then the image f oi f 
is normal in A/(x 3 ). Since A/(x^) is a skew polynomial ring, by [KKZl Lemma 
3.5(d)], / is a a scalar multiple of Xi for some i = I, 2, or 4. This implies that / is 
either axi -I-&X 3 , or ax 2 + bx^ or 0 x 44 - 6 x 3 for some a,b G k. If 6 = 0, then / = Xi or 
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Xi. The relation a;ia :4 +a:: 4 a;i = implies that A /(/) is not a domain (as = 0 in 
A/if))- This contradicts claim 2. So the only possible case is / = X 2 (again yielding 
a contradiction). Now assume that b 0 (and a 0 because / ^ kxs U kx 4 ). We 
consider the first case and the details of the other cases are similar and omitted. 
Since / = axi + bx^, then relation X 1 X 3 + X 3 X 1 = 0 implies that xf = 0 in A/if), 
which contradicts with Claim 2. In all these cases, we obtain a contradiction, and 
therefore / G kx 2 or / G kx^. 

Since A/ix 2 ) is not isomorphic to A/ix^), there is no algebra automorphism 
sending X 2 to X 3 . As a consequence, any graded automorphism i/ oi A maps 
X 2 —>■ C 2 a ;2 and X 3 —>■ 030 : 3 . Let g be any graded algebra automorphism of A. Let 
g be the induced algebra automorphism of A/ixf). By [KKZl Lemma 3.5(e)], g 
sends xi —>■ cio;i and X 4 —>■ 040:4 or 0:1 —>■ 010:4 and 0:4 —>■ 040 : 1 . Then, by using the 
original relations in (IE8.4.1|) , one can check that g is of the form 

0:1 —>■ 010 : 1 , 0:2 —>■ 020 : 2 , 0:3 —>■ 030 : 3 , 0:4 —>■ 040:4 

where 01 O 2 = 0^=04 or 

0:1 —>■ 010 : 4 , 0:2 —>■ 020 : 2 , 0:3 —>■ 030 : 3 , 0:4 —>■ 040:1 

where 01 O 2 = 0 ^= 04 . So 

AuV(A) ^ {( 01 , 02 , 03 , 04 ) G ik^)'^ I 0102 = 03 = o|} 
which is completely determined. 

Claim 4: Aut„„i(A) is trivial. Recall that the discriminant of A over its center 
is 

d := (o:^o:^(4o:{o:^ - 0 :^))®. 

By Example 18.41 the DDS subalgebra D(A) is the whole algebra A. The assertion 
follows from Theorem 10.51 

Combining all these claims, one sees that Aut(A) = Autgr(A) which is described 
in Claim 3. 

Remark 8.12. Ideas as in Remark 18.101 also apply to Example 16.31 and a similar 
conclusion holds. The interested reader can fill out the details. 
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